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CHAPTER 1. INTRODUCTION 3Aording to Wilox [Wil℄ if we look lose to the solid boundaries we'll observe thatthe uid `stiks' to the planes. Its veloity relative to the boundary is therefore zero.This is known as the no-slip surfae boundary ondition on the veloity. Both the planeCouette and plane Poiseuille models are solved solved subjet to this ondition. We arepartiularly interested in the hydrodynami stability of these ows, whih is onernedwith when and how laminar ows break down and the transition to turbulene [Draz℄.Steady laminar ow derives its name from the idea that in suh motion the uid anbe envisaged as a series of thin plates (i.e. laminae) sliding over eah other [Peer℄. Thismotion is not dependent on its position along a hannel nor on time.The modern-day eld of hydrodynami stability was pioneered by Helmholtz, Rayleigh,Kelvin and Reynolds [Draz℄. Osbourne Reynolds's lassi 19th entury experiments,where he injeted a streak of oloured dye into lear water owing in glass tubes, areoften used to introdue this subjet. The glass tubes were approximately 1 inh, 0.5inh and 0.25 inh in diameter and 4 feet 6 inhes long. Figure 1.3 depits the originalapparatus used by Reynolds. He observed that at suiently low veloities the streakof olour extended in a straight line through the tube (see Figure 1.4a). As the veloitywas inreased, at some point along the tube the streak of dye would instantaneously mixup with the surrounding water and ll the tube with oloured water (see Figure 1.4b).The point of breakdown ourred at a onsiderable distane from the intake, positioningitself loser to the intake as the veloity was inreased further. As depited in Figure1.4, viewing the glass tubes under the light of an eletri spark revealed that the mass ofolour had resolved itself into distint urls and eddies. Reynolds showed that the smoothow (i.e. laminar ow observed at suiently low veloities) breaks down when the ratio


























CHAPTER 1. INTRODUCTION 5










CHAPTER 1. INTRODUCTION 6substane that annot be in stati equilibrium whilst subjeted to suh a fore [Wil℄.Fores ating on the surfae of a uid element (i.e., small volume of uid) an be resolvedinto omponents normal and tangential to the surfae. These fores are respetivelyreferred to as normal (i.e., pressure) and shear stresses, where by stress we mean fore perunit area. Figure 1.5 depits a uid's response to the normal and oblique/shear stressesthat results in plane Poiseuille ow. As mentioned above this is ahieved by maintaininga onstant pressure gradient aross the hannel. Fritional fores develop at the hannelwalls to balane this pressure dierene [Wil℄. The uid ows in the manner it does asa result of shear that is due to this frition. Fluids exert pressure whilst stationary or inmotion, but shear stresses are only present in moving uids [Peer℄. Aording to Peerless[Peer℄ and Wilox [Wil℄, this phenomenon distinguishes uids from solids. Solid matteran exert shear stresses whilst at rest.Fluids like honey and oil ow more sluggishly than others, e.g., water. This property whihharaterises a uid's ability to resist motion is known as its visosity and is responsible forthe shear stresses mentioned above. Honey is said to be more visous than water. Visosityis possessed by all real uids. Its magnitude µ is expressed as a oeient that relates theshear stress τ to the shear rate γ̇, i.e.





































































CHAPTER 1. INTRODUCTION 9When the visosity of a uid dereases as its shear rate inreases, it is alled a shear-thinning or pseudoplasti uid. Pseudoplasti materials form the majority of non-Newtonianuids. They are usually solutions of large polymeri moleules in a solvent with smallermoleules. Examples of pseudoplastis inlude blood plasma and hair styling gel.Dilatant or shear thikening uids are less ommon and exhibit rheologial propertiesopposite to that of pseudoplastis. The apparent visosity of a dilatant uid inreaseswith an inreasing shear rate. Starh in water, lay slurries and beah sand are examplesof dilatant uids.Figure 1.6b depits the shear diagrams of pseudoplasti and dilatant uids with a yieldstress (i.e., visoplasti uids). Some of the results in Chapter 4 onern dilatant andpseudoplasti ows.1.3.1.1 Power-law uidsOstwald and de Waele's [Mats℄ shear stress-shear rate relationship,
τ = Kγ̇n, (1.2)is ommonly used to represent the rheology of non-Newtonian uids. These uids are alsoknown as power-law uids. K and n are onstants that haraterise and are partiular tospei uids. n is a measure of how muh the uid deviates from the Newtonian normand K a measure of its onsisteny [Hugh℄. Setting K = µ and n = 1 redues (1.2) tothe Newtonian ow approximation. A power-law uid's visosity is given by
























(µ0 + cλ) γ̇
dλ
dt
= a− (a+ bγ̇)λ.
(a) (b)Figure 1.7: Rheograms for typial (a) thixotropi (rude oil) and (b) rheopeti (2000 moleularweight polyester) uids (soure: [Govi℄, reprodued by sanning).










CHAPTER 1. INTRODUCTION 12appears to inrease under onstant shear onditions. Bentonite solutions and gypsumsuspensions in water are examples of Rheopeti materials [Berl℄. Bentonite is a veryne lay that an absorb large amounts of water and expand to several times its normalvolume. Figure 1.7b shows the rheogram of a typial rheopeti uid.1.3.3 Visoelasti uidsVisoelasti uids form the third ategory into whih non-Newtonian uids an be las-sied. They exhibit elasti reovery from the deformations experiened during ow, be-having both as liquids (visous) and solids (elasti). Jelly and our dough display suhproperties.














































,where CD is the drag oeient, V the rise or fall veloity and d the diameter of thepartiles. ρ is the density of the uid. Analytially it has been shown and onrmedby experiment that the drag oeient depends only on the partile Reynolds number,










CHAPTER 2. SLURRY FLOWS 17
Figure 2.1: The relationship between the drag oeient and the partile Reynolds number asmeasured for solid partiles with various spheriities, ψ. ψ desribes the shape of a solid partile(soure: Brown et. al. [Brow℄ ited by [Govi℄, reprodued by sanning).Shape Spheriity, ψ ds
davSphere 1.000 1.000Otahedron 0.847 0.965Cube 0.806 1.240Prisms
a× a× 2a 0.767 1.564
a× 2a× 2a 0.761 0.985
a× 2a× 3a 0.725 1.127Cylinders
h = 2r 0.860 1.310
h = 10r 0.691 1.960Disks
h = r 0.827 0.909
h = r/3 0.594 0.630










CHAPTER 2. SLURRY FLOWS 182.1.1 The eet of the partile shape on settlingSolid partiles are haraterised by their shape, size, density and surfae roughness. Forslurries onstituted from irregularly shaped partiles, the drag oeient depends on aReynolds number based on fators that reet their irregularity, i.e. partile orientation,shape, et. The shape of solid partiles is expressed by a variable alled its spheriity[Govi, Zhan℄,
ψ =















CHAPTER 2. SLURRY FLOWS 19where dav is the nominal size based on sreen or mirosopi analysis (i.e. average sreensize), ds is the equivalent diameter and n the ratio of the surfae per unit mass of thepartiles to that of spheres of diameter dav [Govi, Zhan℄. The equivalent diameter isthe diameter of a sphere having the same volume as the partile. Table 2.1 shows thespheriity and the value of ds related to the sreen size for some ommon shapes. Aspherial partile has spheriity 1, i.e. ψ = 1. Figure 2.2 depits the relationship betweenthe spheriity and the terminal veloity, V0. As the spheriity of a solid partile dereases,the drag that it experienes inreases (see Figure 2.1) and its settling veloity dereases.2.1.2 The eets of the partile onentration on settlingThe solid-liquid ratio of suspensions are expressed in various forms. Coussot [Cous℄for example reommends the use of the solid volume onentration as opposed to thesolid weight onentration to quantify the relative amount of solid present in a mixture.The solid volume onentration is expressed as a ratio of the volume of the solid tothe total volume of the mixture, referred to by Govier and Aziz as the volume fration,
φ =
volume of solidvolume of liquid+ volume of solid .



































CHAPTER 2. SLURRY FLOWS 212.2 Slurry Case Study I - Charpin et. alWe now present the work of Charpin et. al . [Char 2℄ involving the turbulent free surfaeow of a rok slurry. Their analysis inorporates a Reynolds number where the pipediameter d in equation (1.1) is replaed with the harateristi length of the ow. Theydetermine a ritial value, namely the gradient of the slope that will set large roks inmotion and the eet of the slurry onentration on this value.










CHAPTER 2. SLURRY FLOWS 22in diameter) will be set in motion.As illustrated in Figure 2.3, the two main fores ating on a boulder are the shear stressdue to the ow and gravity. The potential movement of the boulder depends on thenon-dimensional Shields number, a ratio between the main fores and the shape of theboulder, i.e.
S =
τ


























CHAPTER 2. SLURRY FLOWS 23vary signiantly with the onentration of soil partiles in the uid mixture [Char 2℄.The density inreases with the partile onentration, c,







, (2.6)where µw is the dynami visosity of pure water, see [Cous℄ in [Char 2℄. Combiningequations (2.2)-(2.6) for these terms together with the Shields number (2.1) results in thefollowing expression for the uid veloity,
u7/8 =
√√√√√√
8gDS (ρb − ρw − c (ρb − ρw))
0.292 (ρw + c (ρb − ρw))



















sin θ, (2.8)where n is the Manning oeient and RH denotes the hydrauli radius ([Chan℄ as itedin [Char 2℄). The Manning oeient and the hydrauli radius are measures of roughnessand a river's ability to move water and sediment respetively. RH is used by engineersto assess the likelihood of ooding. For the earth's surfae n = 0.025 and for gravel






































 .(2.9)It has been mentioned that the ritial Shields number an be obtained from the literature.Corresponding to the urrent setting the ritial Shields number reads


























 .For a given boulder θ depends on harateristis whih inlude its angle of repose anddiameter. Figures 2.4a and 2.4b show the θ required to move boulders with a diametervarying up to 0.2m and an angle of repose up to 50◦ in volumetri onentrations of
c = 0.1 and c = 0.3 respetively. The numerial results of Charpin et . al. indiate that:










CHAPTER 2. SLURRY FLOWS 25
• as expeted, θ is signiantly lower for small partiles, and
• θ inreases as φs inreases, i.e. the larger the boulder's angle of repose, the steeperthe slope of the hannel required to move it.
(a) (b)Figure 2.4: Slope angle, θ required to move a boulder as a funtion of its diameter and angle ofrepose, φ. φ is a measure of angularity (i.e. a shape fator). The partile volumetri onentration
c = 0.1 in (a) and c = 0.3 in (b) (soure: [Char 2℄, reprodued by sanning).




















CHAPTER 2. SLURRY FLOWS 272.4 Slurry RheologyModel name Visosity funtionPower-Law τ = Kγ̇nBingham τ = τ0 + µ∞γ̇Hershel-Bulkley τ = τ0 +Kγ̇nCasson τ 12 = τ 120 + (µ∞γ̇)12Table 2.3: Visosity funtions ommonly used to model slurry ows (soure: [Darb, Kita℄).At suiently dilute onentrations, slurries normally behave as Newtonian uids [Char 1,Govi℄. Their visous properties deviate from this Newtonian norm as their solid volumefrations inrease. We fous on the rheologial behaviour of homogeneous slurries. Theyare mixtures of high onentrations of solid partiles and are ommonly modelled asnon-Newtonian uids. Various rheologial data are required to appropriately lassifythese slurries as partiular non-Newtonian uids. But generalisations based largely onempirial observations have been made. The uid model parameters are applied to get abest t to the experimental data. This involves onstruting a rheogram (i.e., shear stressversus shear rate plot). Many of the early studies seemed to suggest that non-Newtonianows approximated Bingham uids. Baker and Jaobs [Bake℄ remark on the diultyassoiated with gathering reliable and aurate rheologial data. As a result researhersexperiened great trouble in distinguishing between Bingham uids and pseudoplastiuids. In response, Hershel and Bulkley proposed ombining the Bingham and power-lawmodels, to form what is today known as the Hershel-Bulkley model listed in Table 2.3. If





































































, (2.10)for the yield pseudoplasti, pseudoplasti (τ0 = 0) and Bingham (n = 1) models. τw =










CHAPTER 2. SLURRY FLOWS 31
(a) (b)














, (2.11)where ρ is the uid density, V the average uid veloity, D the pipe diameter and µthe uid visosity [Ahe, Draz, Slat 95℄. Slatter used R = 2100 as the ritial Reynoldsnumber for Newtonian ows. His objetive was to provide a single laminar/turbulenttransition riterion for non-Newtonian slurries whih proves to be onsiderably harder.There are many dierent approahes but no guidelines as to whih is more aurate. Heommenes by investigating the suess with whih three existing formulations/modelspredit the transition. We present the details of two of these formulations,
Rnewt = ρV D
µ′






Rnewt is based on the standard Newtonian theory where the Reynolds number is given asin (2.11). But for non-Newtonian uids we know that the visosity funtion is no longeronstant. It is therefore replaed with an apparent or seant visosity, µ′ = τw
− ∂u
∂r |w
derivedfrom the Hershel-Bulkley model in Table 2.3, where w denotes the pipe wall and r thedistane from its entre. As illustrated in Figure 2.7, for a given shear rate measurement,
µ′ is the slope of the straight line extended from the origin to the orresponding τw-valueon the shear stress-shear rate urve of a partiular uid. µ′ is not onstant and needs tobe omputed for eah value in the shear rate/shear stress range. It is also evident thatfor any uid with a yield stress, µ′ is arbitrarily large at innitesimally small shear rates(i.e. µ′ → ∞ as −∂u
∂r


























to the measurable pseudo shear rate, 8V
D



























,where for n′ = 1 we have the Newtonian visosity relation. K ′ and n′ are like the uidonsisteny and ow behaviour indies of the power-law model (see Setion 1.3). Thelarger the value of K ′ the thiker or more visous the uid. n′ is a measure of the degreeof the uid's non-Newtonian behaviour, for n′ < 1 the uid is pseudoplasti in haraterand for n′ > 1 it would exhibit dilatant behaviour. Slatter [Slat 95℄ refers to K ′ and
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CHAPTER 2. SLURRY FLOWS 36dued the best overall results. However for small pipe diameters, where Slatter reports theow onditions to be primarily Newtonian, the intersetion method beomes less aurate.The other models are more aurate for small pipe diameters. This an be explained asthe intersetion method does not take the rheology of the uid into aount. Aordingto Slatter, eah of the other models revert to the Newtonian model as the pipe diameterdereases [Slat 95℄. For large pipe diameters the ritial veloity beomes independentof the pipe diameter, i.e., the data approah an asymptote as depited in Figure 2.8[Slat 95℄. Only the intersetion method and Rmr were able to predit this. Among theReynolds numbers, Rmr best predited the transition, followed by Ryan and Johnson's[Ryan℄ stability riterion and the Newtonian approximation (i.e. Rnewt). Figure 2.8 showsthat the Torrane/Clapp Reynolds number (i.e. Rtorr) performed the worst. It was unableto predit the transition.










CHAPTER 2. SLURRY FLOWS 37simplifying Metzner and Reed's riterion. He denes, R1 = 16/f , where f is the laminarFanning frition fator. R1 and Rmr yield the same results, but evaluating the former isless umbersome.Slatter's seond formulation is derived from the fundamental assumption that the Reynoldsnumber is proportional to the ratio between the inertial and visous fores,
R ∝ inertial forevisous fore ,where inertial fore ∝ ρD2V 2 and visous fore ∝ D2τvis .For a yield pseudoplasti uid the visous stress τvis is related to the shear rate by thefollowing onstitutive relation,
τvis = τ0 +K (8V
D
)n
























CHAPTER 2. SLURRY FLOWS 38
Unsheared plug



































Figure 2.10: Unsheared plug geometry (soure: [Slat 95℄).






















3.1 IntrodutionThe geometry and/or rheology of most ows are too omplex for detailed hydrodynamistability analyses. Researhers have thus been fored to only study a few lasses of simplelaminar ows. However these simplied senarios obsure some general aspets of theinstabilities [Draz℄. We are ultimately interested in the hydrodynami stability of freesurfae non-Newtonian ow down an inline. This work proeeds from the mathematialfat (whih is not neessarily physially realisable), as shown below, that onstant heightfree surfae ow driven by gravity down an inline is equivalent to the ow that resultsfrom the appliation of a onstant pressure gradient along a horizontal hannel half-lledwith a Newtonian uid (see Figure 3.1). The ow of nite height and harateristi length















CHAPTER 3. LINEAR STABILITY ANALYSIS 42As mentioned in the introdution, for standard inompressible Newtonian ow, the Navier-Stokes equatios are solved subjet to the no-slip boundary onditions on the veloity, i.e.








,and is solved subjet to zero shear at the free surfae (uy (h) = 0) and no-slip at thebottom boundary (u (0) = 0). The solution reads
u = −ρg sin θ
2µ





















CHAPTER 3. LINEAR STABILITY ANALYSIS 43therefore equivalent in the sense that their veloity proles are idential. This motivatesan attempt to extend the stability analyses from losed hannel ow to open hannel ow.
θ = π
2
is meaningless. In our investigation we are interested in ows equivalent to θ ≪ π
2





















→ 0.2. Conditional Stability - If there exists a threshold energy δ > 0 suh that thesolution is stable when EV (0) < δ, then the solution is said to be onditionallystable.3. Global Stability - If the threshold energy is innite, i.e. δ → ∞, the solution issaid to be globally stable.4. Monotoni Stability - If
dEV (t)
dt


































Rm R Rg l
R
EV
Figure 3.2: Illustrates the three ritial Reynolds numbers, Rm,Rg and Rl that dene the regionsin whih initial perturbations are monotonially, globally and onditionally stable respetively(soure: [Shm℄).loser look at the above denitions to unearth whih of them orrespond to the stabil-ity/instability sought by our analysis. Hydrodynami stability in its most general senseis dened as the asymptoti limit of the ratio between the energy of the perturbation,
EV (t) and its initial energy, EV (0). A solution is onditionally stable if the initial energyof the perturbation, EV (0) is below a given energy threshold, δ. Conditional stability isa speial ase of the more general global stability, where there is no limit plaed on theinitial size of the perturbation. Hene a solution that is globally stable is also ondition-ally stable but the reverse does not neessarily apply. Monotoni stability is the mostrigid riterion, requiring that the perturbation deays for all time. We introdue threeritial Reynolds numbers Rm, Rg and Rl, below whih initial perturbations are possiblymonotonially, globally or onditionally stable respetively. Figure 3.2 depits the regionswhere solutions to the Navier-Stokes equations are dened as above. In Region I where














= −ρ (u · ∇) u−∇p+ ∇ · (µ∇u) (3.3)


































Land drop the tildes, then for onstant visosity Newtonian ow (3.3) yields
∂u
∂t
= − (u · ∇) u−∇p+ 1
R






























































































































△2ψ̂. (3.8)Sine we assumed that the disturbane was small we are able to ignore higher order terms.The linearised version of equation (3.8) reads
∂
∂t


















CHAPTER 3. LINEAR STABILITY ANALYSIS 49The perturbation that we impose on the laminar solution has the form of a traveling wave













φyyyy − 2α2φyy + α4φ
)
, (3.10)where λ = ic, attributed to William Orr and Arnold Sommerfeld [Coll℄. Within thistheory when ℑ (c) < 0 and hene ℜ (λ) > 0, the disturbane grows with time, indiatingthe onset of turbulene. ℑ (c) and ℜ (λ) denote the imaginary and real parts of c and
λ respetively. Therefore, given any α > 0 and R > 0 we are left with solving the Orr-Sommerfeld equation (3.10) for the eigenvalues λ. The ritial Reynolds number, whihwe denote as Rrit, is that number beyond whih at least one disturbane is unstable (i.e.for Rrit there exists at least one ℜ (λ) > 0). Equation (3.9) denes only some of thepossible perturbations, i.e. those whih assume the form of a traveling wave. Coussotalso reminds us that the linear stability analysis results only in a suient ondition.Hene there may be disturbanes whih lead to instabilities whose ℜ (λ) < 0 [Cous℄.As promised we now present a full reading of Squire's theorem. Here we onsider three-dimensional ow in a hannel of innite length and breadth. For the thee-dimensionaldisturbanes the orresponding perturbation (3.9) would read










CHAPTER 3. LINEAR STABILITY ANALYSIS 50as given in [Coll℄ states




RL (a, b) = min
a
RL (a, 0) .







(3.11)and here it is solved subjet to the no-slip boundary onditions, where it is assumed thatthe layers of uid adjaent to the boundaries stik to them, i.e. u(±1) = 0 for Poiseuilleow and u(1) = 1 and u(−1) = −1 for Couette ow [Hugh, Wil℄. The plane Poiseuilleprole reads










CHAPTER 3. LINEAR STABILITY ANALYSIS 51One way in whih to ahieve plane Couette ow is by shearing the planes in opposite di-retions at onstant veloities whilst maintaining onstant pressure aross the hannel, i.e.
dp
dx
= 0. Its laminar ow prole reads
U(y) = y.3.2.2 Closed hannel boundary onditionsFor losed hannel ows the Navier-Stokes equation (3.3) and onsequently the OS equa-tion (3.10) is solved subjet to the no-slip boundary onditions (see Setion 3.2.1) and





= U + φy exp [i (αx+ ct)] = 0





= iαφ (y) exp [i (αx+ ct)] = 0
=⇒ φ (±1) = 0.Similarly it an be shown that for plane Couette ow, the OS equation should be solvedsubjet to φy (±1) = 0 and φ (±1) = 0.3.2.3 Open hannel ows and their boundary onditionsWe showed in Setion 3.1 that the open hannel Newtonian steady-state ow prole isparaboli in y. It is in fat half the plane Poiseuille prole, restriting its domain to










CHAPTER 3. LINEAR STABILITY ANALYSIS 52is equivalent to a ombined Couette-Poiseuille ow. Sine the numerial tehnique thatwe employ is dened for y ∈ [−1; 1] and to keep the domains in whih we are workingonsistent (i.e. [−1; 1]℄), we sale the paraboli plane Poiseuille prole suh that U(1) = 1and U(−1) = 0 (see Figure 3.4). The resulting expression for the open hannel prolereads,



























4 respetively.As for losed hannel ows the OS equation is solved subjet to the no-slip boundaryondition, where the veloity of the uid relative to the wall is zero, i.e. u (−1) = 0,and w (±1) = 0. A free surfae is one where nothing touhes it  we regard theshear of air on a liquid as negligible, employing the zero shear boundary ondition atthis interfae, i.e. uy (1) = 0 [Hugh℄. This is onsistent with the derivation in Setion3.1. For y = −1 the boundary onditions translate as for losed hannel ows, namely










CHAPTER 3. LINEAR STABILITY ANALYSIS 53For y = 1 :






= Uy (1) + φyy exp [i (αx+ ct)] = 0
=⇒ φyy = 0and again as for losed hannel ows
w = 0
=⇒ φ (1) = 0.Hene for Newtonian open hannel ow the OS equation is solved subjet to φ (±1) =
φy (−1) = φyy (1) = 0.3.3 Marginal Stability CurveFor the purpose of explaining Figure 3.5 we digress briey on an equivalent form of theOS equation. Aheson uses ψ̂ = φ (y) exp [i (kx− ωt)] as his denition of the perturbation(3.9) [Ahe℄. With referene to equation (3.10), this is equivalent to having k = α and
ω = −c. Laminar ows thus beome turbulent when ℑ (ω) > 0, whereas a disturbaneas we have it dened beomes unstable when ℑ (c) < 0. Depited in Figure 3.5 is amarginal stability urve for Poiseuille ow, whih represents the unstable disturbanes asa funtion of the Reynolds and wave- numbers. Given any R, for eah k in the shadedregion at least one disturbane in unstable, i.e. for that R and k there exists at least one










CHAPTER 3. LINEAR STABILITY ANALYSIS 54and Shlithting rst disovered that the OS equation has unstable disturbanes for owswithout inetion points (i.e. laminar ow proles without inetion points) [Shm℄.





















Solutions to the Orr-SommerfeldEquation
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Figure 4.1: The Chebyshev-Lobatto points (4.1) form the x values of equally spaed points onthe unit irle, whih luster near the end points. Here we have N = 20.to onstrut interpolants for the derivatives of the OS equation. The Chebyshev-Lobattopoints luster near the end points of the [−1; 1]-interval over whih they are distributedand form the extrema of N th order Chebyshev polynomial. Figure 4.1 shows that they arethe x values of equally spaed points on the unit irle. Polynomial interpolants basedon equally spaed disretisations are poor at approximating smooth funtions. As thenumber of olloation points inreases, the interpolating polynomial may fail to onvergeand the approximation may get worse at a rate as great as 2N where N is the number ofintervals in the grid [Gott 84, Tref 01℄. The spetral derivative obtained by dierentiatingsuh an interpolant would be in error by a similar fator [Tref 01℄. The pseudospetralapproximation of the derivative of some funtion f (x) is ahieved in two steps. (1) The




















CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 58dierentiation is a linear operation wj, the approximate derivatives at the Chebyshev-Lobatto points, an be obtained with a single matrix operation. That is, by mul-tiplying f (xj) by an (N + 1) × (N + 1) matrix, whih Trefethen denotes as DN , i.e.
w = DN × v.These N degree polynomial interpolants are equivalent to a linear ombination of NChebyshev polynomials. Hene when referring to the number of polynomials in this workwe mean the number of Chebyshev polynomials used to onstrut the interpolant. Weillustrate, by way of example, how these dierentiation matries are onstruted. For
N = 3 (i.e. j = 0, 1, 2, 3) the olloation points are x0 = 1, x1 = 0.5, x2 = −0.5, and












































































































(xj − xk) .For N = 3, lj(x) are the polynomial oeients of the vj terms in equation (4.3), i.e. thebraketed expressions in (4.3). We take the logarithm of equation (4.4),















ln (x− xk) − ln (aj) , (4.5)then dierentiate (4.5) to obtain
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(xi − xk) =
ai
aj (xi − xj)But sine the olloation points, xj are the Chebyshev-Lobatto points, where xj = −xN−jfor j = 0, 1, ..., H (H = N
2
, if N is even and H = N+1
2






































(D4 − 2α2D2 + α4)− iαU (D2 − α2)+ iαUyy]φ = λ (D2 − α2)φ, (4.6)where D2 and D4 are the seond and fourth order derivative operators respetively for
−1 ≤ y ≤ 1, we are left with having to solve for its eigenvalues, λ. λ desribes the growthof the disturbane with time. If, for a given R and some α, the real part of λ is positive(i.e. ℜ (λ) > 0) then that ow is unstable. The least R for whih this is the ase indiatesthe onset of turbulene as predited by the linear stability theory. This is dened as theritial Reynolds number, Rrit. We now fous on a partiular ow, solving (4.6) for aspei U with the orresponding boundary onditions on φ. For plane Poiseuille thedisrete OS eigenvalue problem reads














(D̃4 − 2α2D̃2 + α4I)− iαdiag (1 − y2j)(D̃2 − α2I)− 2iαI
B = D̃2 − α2I.
I is the (N − 1)×(N − 1) identity matrix, diag (1 − y2j) a diagonal matrix, vj = φ (yj) and
yj the Chebyshev-Lobatto points for j = 1, 2, 3, ..., N − 1. D̃2 and D̃4 are the seond andfourth derivative operator approximates respetively. When implementing the boundaryonditions on the polynomial interpolants for this pseudospetral method, one may eitheradd equations that enfore the onditions or restrit oneself to interpolants that satisfythe onditions. It is the seond of these approahes that we employ.Trefethen [Tref 01℄ imposes homogeneous Dirihlet boundary onditions, i.e., φ (±1) = 0as follows. He takes the interior Chebyshev points y1, ..., yN−1 (dened by (4.1)) as hisomputational grid with [v1, ..., vN−1]T as the orresponding vetor of unknowns. Spetraldierentiation is performed by letting p (y) be the unique polynomial interpolant of degree




















qyyyy (y) − 8yqyyy (y) − 12qyy (y) ,but sine q (yj) = u(yj)(1−y2j ) , the fourth order derivative operator approximate readsD̃4 = [diag (1 − y2j)D4N − 8diag (yj)D3N − 12D2N]× diag (1/ (1 − y2j)) ,where D2N , D3N and D4N have their rst and last rows and olumns removed as before.The OS operators are oded as orrsom.m in Appendix B [Tref 01℄.Marginal stability diagrams, like the one depited in Figure 4.2, indiate for whih Rthere exist perturbations that grow with time. These perturbations (3.9) have negativeimaginary wave speeds, i.e., ℑ (c) < 0 =⇒ ℜ (λ) > 0. Given R and α we ompute theeigenvalues, λ, of the disrete eigenvalue problem (4.7). The R and α orresponding to λwith positive real parts lie within the urve shown in Figure 4.2. We used version 2.1.73of the Otave numerial pakage to ompute our results [Ota℄. Sine it does not havea generalised eigenvalue solver we redue the problem to a standard problem, omputingthe eigenvalues for B−1A instead. The resulting marginal stability urve, Figure 4.2, wasprodued using a polynomial interpolant of degree ≤ 202 (i.e. N + 2 = 202 or it ould besaid the interpolant was onstruted using N = 200 Chebyshev polynomials). Trefethen[Tref 01℄ reports that the most sensitive perturbation has a dependene on y lose to
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 + α4u) − 2iαu − iα(1−y2)(u
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 65[Slat 95℄ reports it to be around 2100. Similarly with plane Couette ow where the lineartheory predits the ow to be stable for all Reynolds numbers, in pratise the transitionto turbulene ours at a Reynolds number of approximately 350. The resolution ofthese paradoxes is a long standing problem of uid mehanis. Traditional hydrodynamianalysis as we have illustrated proeeds in two stages. First the problem is linearised aboutthe laminar solution and then we searh for unstable eigenvalues, i.e., λ with positive realparts. Initially it was speulated that the disrepanies between the linear theory andobserved results were due to non-linearities, i.e., the rst step. But it has emerged thatthe failure of the eigenvalue analysis may be attributed to the seond stage. Two vetors(−→u and −→v ) are said to be orthogonal if their dot produt −→u · −→v = 0 (i.e. they areperpendiular) and a matrix/operator whose eigenfuntions/eigenvetors are orthogonalis said to be normal. Now if all the eigenvalues of a linear system are distint, lie wellinside the lower half-plane but their eigenfuntions are not orthogonal to one anotherthen inputs to that system may be amplied by arbitrarily large fators [Tref 93℄. As ithappens both the operators that arise in plane Poiseuille and plane Couette ow are farfrom normal. These disoveries prompted Trefethen et. al. to investigate the possibilitiesof onduting hydrodynami stability without the use of eigenvalues [Tref 93℄.
N 200 250 300
0.26813148 − 0.00175034i 0.26813148 − 0.00175034i 0.26813148 − 0.00175034iStandard 0.94996175 − 0.04961370i 0.94996175 − 0.04961370i 0.94996175 − 0.04961370iSolver 0.94999384 − 0.04966078i 0.94999384 − 0.04966078i 0.94999384 − 0.04966078i
0.33569896 − 0.05968989i 0.33569896 − 0.05968989i 0.33569896 − 0.05968989i
0.90987242 − 0.08909505i 0.90987242 − 0.08909505i 0.90987242 − 0.08909505i
0.26813149 − 0.00175040i 0.26813652 − 0.00174811i 0.26810103 − 0.00174742iGeneral 0.94996179 − 0.04961375i 0.94996174 − 0.04961375i 0.94996115 − 0.04961346iSolver 0.94999385 − 0.04966073i 0.94999383 − 0.04966075i 0.94999407 − 0.04966055i
0.33569892 − 0.05968995i 0.33569861 − 0.05968970i 0.33571393 − 0.05969680i
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Plane Poiseuille Flow, U = 1 − y2


























Plane Poiseuille Flow, U = 1 − y2 
R = 10000, α = 1
Standard solver
Generalised solver
(b) R = 10000, α = 1











Plane Poiseuille Flow, U = 1 − y2


















Plane Poiseuille Flow, U = 1 − y2
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 68sense that their errors behave asymptotially like (△x)r for some nite r when the gridsale △x approahes zero. On the other hand if the steady-state veloity prole U(y)in (3.10) is innitely dierentiable then the Chebyshev polynomials whih he uses areof an innite order in the sense that errors derease more rapidly than any power of
1/M as M → ∞, where M is the number of polynomials used in his approximation.This result an also be shown to hold for Legendre polynomials. Orszag, using singlepreision arithmeti, found Rrit = 5772.22, αrit = 1.02056; our omputations onur(see Figure 4.2). As mentioned in Setion 3.3, various authors dene the perturbation(3.9) in dierent equivalent forms, whih alters the way in whih the instability rite-rion reads. Dongarra et. al. [Dong℄ as well as Aheson [Ahe℄ dene the perturbationas ψ̂ = φ (y) exp [i (αx− bt)], where ows beome linearly unstable when the ℑ (b) > 0.Heneforth, when referring to the eigenvalues of the OS equation, we may either be refer-ring to λ or a omplex multiple thereof. In almost all instanes unless otherwise statedwe will be referring to iλ = −c = b. Orszag [Orsz, Table 5℄ also approximated the 32least stable modes for R = 104, α = 1. Setting N = 94, our results reahed ompleteagreement with one exeption (see below) with his list. The least stable eigenmode reads
−c = 0.23752649 + 0.00373967i,and is signiant to 8 deimal plaes (i.e., as N inreases the approximation onvergesand agrees to at least 8 signiant gures). We however found an additional eigenvaluebetween positions 17 and 18 of [Orsz, Table 5℄,17 0.19005925− 0.18282193i










CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 69More reently, Dongarra et. al. [Dong℄ also using Chebyshev polynomials as basis fun-tions for approximations to the eigenfuntions of the OS equations, solved both the planePoiseuille and plane Couette stability problems. They foused on determining the spetrain high Reynolds number ranges, whih have previously proved to be very diult. Arisingin these diult eigenvalue problems are highly sensitive spurious (unstable) eigenvalues.Spurious eigenvalues osillate between very large negative and very large positive valuesas N hanges. Having tested the sensitivity of the eigenvetors, Dongarra et. al. [Dong℄onluded that the presene of spurious eigenvalues is onneted to the disretisation pro-edure as opposed to the algorithms used to ompute the eigenvalues. They believe thattheir Chebyshev tau-QZ algorithm is generally more aurate and eient than nitedierene methods. We ontinue by omparing our results with those of Dongarra et. al.[Dong℄, who takes a loser look at the behaviour of the eigenvalues. Sine the eigenvaluesare omplex, it is both onvenient and more informative to represent them graphially.As will beome evident and is supported by [Dong℄, we are only able to ompute the `topends' of the true eigenvalue spetra. In depitions of the spetra that follow we restrit ourattention to this `top end', onsidering only those eigenvalues (iλ) with imaginary partsgreater than −1. In Figure 4.4, we have the spetra for plane Poiseuille ow approximatedusing a ≤ 202 degree polynomial and that reprodued from [Dong℄ for R = 104, α = 1.Their [Dong℄ eigenvalues (i.e., for R = 104, α = 1) are also in agreement with those om-puted by Orszag [Orsz, Table 5℄ and they also found the additional eigenvalue in betweenpositions 17 and 18 stated above. In standard uid dynamis notation, the left, rightand lower branhes of the plane Poiseuille spetra depited in Figure 4.4 and those thatfollow, are known as the A, P and S branhes respetively.We mentioned that Dongarra et. al. foused on the more omplex high Reynolds numberalulations. Figures 4.5b, 4.5d and 4.5f depit the partial spetra for R = 27000 and










CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 70reprodued from Dongarra et. al.. They determined the odd and even modes separatelyusingM polynomials in eah ase. Figures 4.5a, 4.5 and 4.5e show only the (even) modesthat result from using even Chebyshev polynomials. If N = 2M then the even modesobtained when using N Chebyshev polynomials equal the modes obtained when using










CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 71that the imaginary part of one eigenvalue inreases or dereases relative to another. Table4.3 shows the 8 leading eigenvalues for R = 80822, R = 80828 and 80830. The strutureof the eigenmodes observed for R = 80822 in Table 4.3 is maintained from R = 104[Dong℄. But at R = 80828 the two least stable modes exhange positions and then at


















Plane Poiseuille Flow, U = 1 - y^2 
 R = 10000, alpha = 1, N = 200
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Plane Poiseuille Flow, U = 1 - y^2 
 R = 27000, alpha = 1, N = 170
(b) N = 170, 64 bit arithmeti.

















Plane Poiseuille Flow, U = 1 - y^2 
 R = 27000, alpha = 1, N = 400
(d) N = 400, 64 bit aritmeti.

















Plane Poiseuille Flow, U = 1 - y^2 
 R = 27000, alpha = 1, N = 600
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N = 100 N = 300 Dongarra et. al. [Dong℄
0.9888191009− 0.0111625783i 0.9888191058− 0.01116257892i 0.9888191058− 0.01116257893i
0.9888195983− 0.0111636079i 0.9888195933− 0.01116360699i 0.9888195933− 0.01116360699i
0.1459247885− 0.0150420427i 0.1459247885− 0.01504204266i 0.1459247829− 0.01504203085i
0.9798754507− 0.0200846843i 0.9798738045− 0.02008374162i 0.9798738045− 0.02008374163i
0.9798735582− 0.0200854227i 0.9798751271− 0.02008635541i 0.9798751271− 0.02008635538i
0.9707368045− 0.0289798271i 0.9709280339− 0.02900433538i 0.9709280339− 0.02900433538i
0.9711144244− 0.0289991336i 0.9709305304− 0.02900898109i 0.9709305305− 0.02900898101i
0.1373944866− 0.0295636002i 0.1373944864− 0.02956360013i 0.1373944878− 0.02956356969i
0.9622955057− 0.0342319983i 0.1982003544− 0.03733101359i 0.1982003566− 0.03733100660i
0.9561584759− 0.0345394387i 0.9619817790− 0.03792441474i 0.9619817790− 0.03792441466i
0.9486175992− 0.0348922613i 0.9619857992− 0.03793148468i 0.9619857994− 0.03793148490i
0.9409921941− 0.0352947965i 0.9530350178− 0.04684401412i 0.9530350180− 0.04684401422iTable 4.2: The 12 least stable eigenvalues for plane Poiseuille ow. R = 105, α = 1.
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R N = 100 N = 150 N = 200
−0.9118645 − 0.0234866i 0.9118645 − 0.0234866i −0.9118645 − 0.0234866i
0.9118645 − 0.0234866i −0.9118645 − 0.0234866i 0.9118645 − 0.0234866i
105 0.0000000 − 0.0333195i −0.8630792 − 0.0546212i 0.8630792 − 0.0546212i
0.0314801 − 0.0333518i 0.8630792 − 0.0546212i −0.8630792 − 0.0546212i
−0.0314801 − 0.0333518i −0.9347750 − 0.0651843i 0.9347750 − 0.0651843i
0.0629304 − 0.0334489i 0.9347750 − 0.0651843i −0.9347750 − 0.0651843i
N = 300 N = 400 N = 500
0.9588871 − 0.0107536i 0.9588871 − 0.0107536i 0.9588871− 0.0107536i
−0.9588871 − 0.0107536i −0.9588871 − 0.0107536i −0.9588871 − 0.0107536i
106 −0.9361798 − 0.0251774i 0.9361798 − 0.0251774i −0.9361798 − 0.0251774i
0.9361798 − 0.0251774i −0.9361798 − 0.0251774i 0.9361798 − 0.0251774i
−0.0000000 − 0.0299679i −0.9699552 − 0.0303560i 0.9699552 − 0.0303560i
−0.0104905 − 0.0299711i 0.9699552 − 0.0303560i −0.9699552 − 0.0303560i
N = 150 N = 400 N = 500
−9.9912E-01+ 3.9719E-06i 5.2283E-13− 5.2521E-08i −5.4435E-12− 8.2317E-08i
9.9912E-01+ 3.9719E-06i −1.5707E-02− 5.2533E-08i 1.2566E-02− 8.2330E-08i
1012 2.0942E-02− 7.1993E-09i 1.5707E-02− 5.2533E-08i −1.2566E-02− 8.2330E-08i
−2.0942E-02− 7.1993E-09i −3.1411E-02− 5.2572E-08i 2.5130E-02− 8.2368E-08i
−6.2791E-02− 7.2233E-09i 3.1411E-02− 5.2572E-08i −2.5130E-02− 8.2368E-08i










CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 75found an unstable eigenmode but as an be observed from Table 4.4, for R of this orderthe results are no longer numerially stable.We turn our attention to plotting the spetra for Couette ow and omparing it withresults found in [Dong℄. It beomes evident that this is no trivial eigenvalue problem.Dongarra et. al. relates that a olleague of theirs experiened great diulty with om-puting the eigenvalues for R as low as 2000. Figures 4.6a - 4.6d depit the approximatespetra omputed for R = 5000, 4000, 3000 and 2000 respetively using 64 bit arithmeti.The numerial instability that results from rounding o is visible at Reynolds numberslower than 3000. As with plane Poiseuille ow, it is the eigenvalues in the region of theintersetion of the A, P and S branhes that are most sensitive to round-o error (seeFigures 4.6a - 4.6). Dongarra et. al. [Dong℄ observed breakdown near the intersetion atapproximately R = 3500. This is overome again by inreasing the preision, employing128 bit arithmeti. Using extended preision they [Dong℄ proeeded to ompute auratespetra for R up to 13000. Figure 4.7 shows the spetra omputed for R = 13000 and





























Plane Couette Flow, U = y 
 R = 5000, alpha = 1, N = 250

















Plane Couette Flow, U = y 
 R = 4000, alpha = 1, N = 250




















Plane Couette Flow, U = y 
 R = 3000, alpha = 1, N = 300

















Plane Couette Flow, U = y 
 R = 2000, alpha = 1, N = 250
(d) R = 2000, N = 250Figure 4.6: Approximate spetra for plane Couette ow. α = 1, 64 bit arithmeti.




















, (4.8)is solved with φ (±1) = φy (−1) = φyy (1) = 0. Here the OS eigenvalue problem diersfrom the plane Poiseuille equivalent in two respets. First with regard to their steady-state proles, U and onsequently Uyy, and seond with regard their boundary onditions.The rst dierene as with plane Couette ow, simply involves setting the values of Uand Uyy in (3.10) to as they apply for open hannel ow (4.8). There are two dierentialoperators in the OS problem whih we need to approximate, i.e., D2 (seond order) and D4(fourth order) in (4.6). As desribed in Setion 4.2.1 we enfore the homogeneous Dirihletboundary onditions, φ (±1) = 0 when approximating D2. Its approximation, D̃2 is thusthe square of the Chebyshev dierentiation matrix, DN with its rst and last, rows andolumns removed. With D4, all four boundary onditions need to be imposed. For losedhannel ows the boundary onditions were only imposed up to the rst derivative of theinterpolating polynomials, but for open hannel ow a boundary ondition needs to beimposed on the seond derivative of φ. Remember from Setion 4.2.1 that we implementthe boundary onditions by restriting ourselves to interpolants that satisfy them. Wethus set the polynomial interpolant
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u (±1) = uy (±1) = 0. Sine
uy = syq + sqy
uyy = syyq + 2syqy + sqyy,we require an s (y) with s (±1) = sy (1) = 0 to satisfy u (±1) = uy (−1) = uyy (1) = 0.A polynomial of the lowest degree satisfying these onditions must be a ubi, for example
s (y) = y3−y2−y+1. Hene we set
u (y) =
(
y3 − y2 − y + 1
)
q (y) .
u (y) now orresponds to a polynomial of degree ≤ N + 3 with u (±1) = uy (−1) =
uyy (1) = 0. We ontinue as we did when deriving an approximate for D4 for losed hannelow, by dierentiating u (y) four times to obtain
uyyyy (y) =
(
y3 − y2 − y + 1
)
qyyyy (y) + 4
(
3y2 − 2y − 1
)
qyyy (y) + 6 (6y − 2) qyy + 24qy,but sine q (yj) = u(yj)(y3j−y2j−yj+1) , the fourth derivative operator approximate for open han-nel ow readsD̃4 = [diag (y3j − y2j − yj + 1)D4N + 4diag (3y2j − 2yj − 1)D3N + 6diag (6yj − 2)D2N
+24DN ] × diag (1/ (y3j − y2j − yj + 1)) ,where DN is a Chebyshev dierentiation matrix as dened in Setion 4.1. DN , D2N , D3Nand D4N have their rst and last rows and olumns removed.Table 4.5 shows the 5 least stable eigenmodes omputed for R = 102, 103 and 104 using
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R N = 150 N = 250 N = 350
0.998244 + 612517.614893i 0.998920 + 4698694.792179i 0.999221 + 18005012.833740i
0.615117− 0.148587i 0.615095 − 0.148623i 0.615089 − 0.148636i
102 0.704725− 0.326278i 0.704704 − 0.326278i 0.704699 − 0.326277i
0.678341− 0.367567i 0.678274 − 0.367561i 0.678256 − 0.367556i
0.645372− 0.586218i 0.645432 − 0.586311i 0.645446 − 0.586337i
0.998244 + 61251.761489i 0.998920 + 469869.479218i 0.999221 + 1800501.283374i
0.884552− 0.076235i 0.884535 − 0.076238i 0.884530 − 0.076239i
103 0.354605− 0.077553i 0.354596 − 0.077587i 0.354593 − 0.077596i
0.918253− 0.116700i 0.918238 − 0.116710i 0.918234 − 0.116713i
0.792065− 0.157370i 0.792042 − 0.157377i 0.792036 − 0.157375i
0.998244 + 6125.176149i 0.998920 + 46986.947922i 0.999221 + 180050.128337i
0.962735− 0.024624i 0.962725 − 0.024626i 0.962723 − 0.024626i
104 0.974814− 0.037349i 0.974806 − 0.037355i 0.974803 − 0.037356i
0.181299− 0.040482i 0.181295 − 0.040502i 0.181294 − 0.040508i
0.932800− 0.051028i 0.932786 − 0.051032i 0.932782 − 0.051033iTable 4.5: 5 least stable approximate eigenmodes for Newtonian open hannel ow that resultfrom setting s (y) = y3 − y2 − y + 1 in (4.9). α = 1.
R N = 150 N = 250 N = 350
0.499416 + 618541.905403i 0.499640 + 4726561.308263i 0.499740 + 18081448.501308i
0.498191 + 612517.615144i 0.498901 + 4698694.805991i 0.499211 + 18005012.826478i
102 0.615031− 0.148673i 0.615064 − 0.148654i 0.615075 − 0.148650i
0.704669− 0.326243i 0.704683 − 0.326265i 0.704688 − 0.326272i
0.678285− 0.367468i 0.678253 − 0.367525i 0.678243 − 0.367540i
0.499416 + 61854.190128i 0.499640 + 472656.130737i 0.499740 + 1808144.850098i
0.498191 + 61251.761926i 0.498901 + 469869.480688i 0.499211 + 1800501.282680i
103 0.884553− 0.076235i 0.884535 − 0.076238i 0.884530 − 0.076239i
0.354479− 0.077611i 0.354550 − 0.077607i 0.354569 − 0.077606i
0.918253− 0.116700i 0.918238 − 0.116710i 0.918234 − 0.116713i
0.499416 + 6185.414895i 0.499640 + 47265.612184i 0.499740 + 180814.484686i
0.498190 + 6125.180311i 0.498901 + 46986.948958i 0.499211 + 180050.128592i
104 0.962735− 0.024624i 0.962725 − 0.024626i 0.962723 − 0.024626i
0.974814− 0.037349i 0.974806 − 0.037355i 0.974803 − 0.037356i










CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 80suiently low R. The next four eigenmodes, where they are arranged aording to themagnitudes of their imaginary parts, are numerially stable but not to the degree observedfor the previous ows investigated. We also observe that for a given N as the Reynoldsnumber inreases by a fator of ten (e.g. from 102 to 103) the imaginary part of theleading eigenvalue dereases by almost exatly the same fator (see Table 4.5).We ontinue with our open hannel eigenvalue stability investigation by inreasing thedegree of the polynomial interpolant used to approximate D4 to ≤ N + 4 and observe thebehaviour of the eigenmodes. An s (y) in (4.9) of degree 4 that satises s (±1) = sy (1) = 0is required. We set s (y) = y4 − 2y2 + 1. D̃4 now readsD̃4 = [diag (y4j − 2y2j + 1)D4N + 4diag (4y3 − 4yj)D3N + 6diag (12y2j − 4)D2N
+96diag (yj)DN + diag (24)] × diag (1/ (y4j − 2y2j + 1)) .In Table 4.6 we have the resulting 5 most unstable eigenmodes omputed for R = 102, 103and 104 using 150, 250 and 350 polynomials. Apart from the two least stable eigenvalues,the rest are in agreement with those omputed using the polynomial interpolant of degree
≤ N + 3 (see Table 4.5). We found an additional eigenvalue, less stable than the leadingeigenvalue shown in Table 4.5. Hene eigenmode i in Table 4.5 orresponds to eigenmode
i + 1 in Table 4.6, where they are ordered aording to dereasing imaginary part and
i = 1, ...., N − 2. The real part of eigenmode 2 in Table 4.6 is approximately half that ofwhat it was in Table 4.5 (i.e., eigenmode 1), but their orresponding imaginary parts arethe same. The two leading eigenvalues display the same peuliar numerial instability.Their imaginary parts are large positive and inrease with N . We also observe that as










CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 81obtains the eigenmodes omputed by the former.Assuming that the boundary onditions are implemented orretly, these leading eigenval-ues behave like spurious modes desribed in Setion 4.2.1. Though they do not osillatebetween large positive and negative values, they are large positive and inrease with N .Spurious eigenmodes are ommon in these omplex problems. If it be the ase that theseleading eigenmodes are spurious then they should be ignored when testing for the onset ofturbulene. In doing so we did not nd any numerially stable unstable eigenmodes (i.e.numerially stable λ where ℜ (λ) > 0). This implies that aording to the linear stabilitytheory, open hannel ow like plane Couette ow is stable for all Reynolds numbers. Weare reminded that in pratie the latter develops into turbulent ow at a Reynolds numberlower than that for plane Poiseuille. The linear theory predits that plane Poiseuille owbeomes unstable at R ≈ 5772.3.We briey return to plane Poiseuille ow as our results onur with those found in therelevant literature (see Setion 4.2.1). Reall that if we set s (y) = 1 − y2 in (4.9), theresulting fourth derivative approximate is the one we used to solve the Newtonian losedhannel problems. In Table 4.7 we have the 10 most unstable eigenmodes omputed for
R = 104, α = 1 and N = 400 using the fourth derivative operator approximates that resultfrom setting s (y) = 1−y2, s (y) = y3−y2−y+1 and s (y) = y4−2y2+1 in (4.9). Eah ofthe resulting operator approximates satisfy the boundary onditions implemented by thepreeding approximate, i.e., the polynomial interpolant (4.9) onstruted using s (y) =
y4 − 2y2 + 1 satises the boundary onditions imposed by the interpolant onstrutedusing s (y) = y3 − y2 − y + 1. The same relation holds for s (y) = y3 − y2 − y + 1 and










CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 82new eigenvalues obtained when setting s (y) = y3−y2−y+1 and s (y) = y4−2y2 +1 arenumerially unstable displaying similar harateristis to those observed for the leadingeigenvalues in Tables 4.5 and 4.6 for Newtonian open hannel ow. Their imaginaryparts are large positive and inrease with N . Now, the eigenmodes omputed by setting
s (y) = 1−y2 are orret in that they agree with those quoted in the literature [Dong, Orsz℄.All three of the resulting interpolants satisfy the boundary onditions for plane Poiseuilleow. The additional misbehaving eigenvalues that we obtain with the inrease in theorder of the s (y) do not form part of the plane Poiseuille hydrodynami solution asquoted earlier in this hapter, whih strongly suggest that they are spurious eigenvalues(see Setion 4.2.1). They ould be as a result of the extra zeros for u in (4.9), introduedwith the inreases in the degree of s. It would seem that these observations support ourinitial speulations that the leading unstable eigenvalues omputed for Newtonian openhannel ow do not form part of the solution and hene aording to the linear stabilitytheory Newtonian open hannel ow is stable for all Reynolds numbers.
s (y) = 1 − y2 s (y) = y3 − y2 − y + 1 s (y) = y4 − 2y2 + 1
1 0.2375265 + 0.0037397i −0.0027677 + 306914.6930824i −0.0009118 + 308055.5078213i
2 0.9646309− 0.0351673i 0.2375264 + 0.0037396i −0.0027678 + 306914.6662283i
3 0.9646425− 0.0351866i 0.9646309− 0.0351673i 0.2374975 + 0.0037396i
4 0.2772043− 0.0508987i 0.9646425− 0.0351866i 0.9646309− 0.0351673i
5 0.9363165− 0.0632015i 0.2771713− 0.0508999i 0.9646425− 0.0351866i
6 0.9363518− 0.0632516i 0.9363165− 0.0632016i 0.2771713− 0.0508999i
7 0.9079831− 0.0912227i 0.9363518− 0.0632516i 0.9363165− 0.0632015i
8 0.9080563− 0.0913129i 0.9079829− 0.0912227i 0.9363518− 0.0632516i
9 0.8796273− 0.1192329i 0.9080563− 0.0913129i 0.9079831− 0.0912227i




















CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 844.4.1 Closed hannel power-law owIn power-law uids the shear stress-strain relation an be expressed by
τ = Kγ̇nand its visosity by
η = Kγ̇n−1.
n is the measure by whih the respetive uid deviates from the Newtonian norm (n = 1for a Newtonian uid). Their ow in a horizontal hannel is governed by

















udy,we ompute the pressure gradient required to drive the ow. It is
px = −K
(
Q (1 + 2n)
2n
)n










CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 85examples of power-law losed hannel steady-state ow proles for n < 1 (a pseudoplastiuid) and n > 1 (a dilatant uid). Figure 4.9 depits power-law visosity urves asfuntions of the shear rate at the hannel wall (i.e. y = ±1) for various n. It is evidentfrom both these gures that the larger |n− 1|, the more the visosity hanges with thethe shear rate. This means the larger |n− 1|, the more non-Newtonian the ow. Power-law uids with n near 1 have nearly onstant visosity and are therefore weakly non-Newtonian. We use the OS equation to approximate their hydrodynami stability.We onsider the power-law prole in the following form
U = 1 − |y|1+
1




| y | 1−nn .
n > 1 − Dilatant fluid
n= 1 − Newtonian fluid
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 n = 1.00
 n = 0.95
 n = 0.50
Newtonian














 n = 1.25
 n = 1.05
 n = 1.00
Newtonian
Figure 4.9: Power-law visosity urves (1.3). K = 1.
Runstable n
N 1.25 1.01 1.00 0.99 0.97 0.90 0.50 0.40200 ∞ 5620.2 5772.3 5927.9 6237.7 7351.2 24312.0 38397.1225 3625.0 5651.3 5772.3 5897.3 6159.8 7231.2 24309.4 38397.1250 ∞ 5625.7 5772.3 5921.2 6219.7 7323.0 24311.3 38397.1275 3624.4 5651.2 5772.3 5897.4 6160.2 7232.4 24309.7 38397.1300 ∞ 5629.5 5772.3 5917.0 6208.4 7305.6 24311.0 38397.1325 3624.1 5651.2 5772.3 5897.5 6160.4 7233.3 24309.8 38397.1350 ∞ 5633.3 5772.3 5913.3 6199.4 7293.5 24310.7 38397.1375 3623.8 5651.1 5772.3 5897.5 6160.6 7233.9 24309.9 38397.1400 ∞ 5634.5 5772.3 5911.8 6195.2 7285.5 24310.6 38397.1425 3623.7 5651.1 5772.3 5897.6 6160.7 7234.4 24310.0 38397.1450 ∞ 5636.2 5772.3 5910.1 6191.0 7279.2 24310.5 38397.1475 3623.5 5651.0 5772.3 5897.6 6160.9 7234.7 24310.0 38397.1500 ∞ 5637.6 5772.3 5908.8 6187.7 7274.3 24310.4 38397.1575 3623.4 5651.0 5772.3 5897.6 6160.0 7235.3 24310.0 38397.1600 ∞ 5639.8 5772.3 5906.9 6182.9 7267.2 24310.4 38397.1Table 4.8: The least R with an unstable eigenmode (Runstable), om-puted using N = 200, 225, 250, . . . , 500, 575, 600 for α = 1.02 and n =










CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 87The Runstable are alulated using both odd and even numbers of polynomials to approx-imate the respetive OS operators (i.e. both odd and even N). We also have in Table4.9 the least stable eigenvalue for R = 5000, omputed for n = 1.25, 1.01, 0.90, 0.50, 0.3 
3and α = 1.02. Here too we used both odd and even N .From Tables 4.8 and 4.9 it is lear that for losed hannel power-law ow where 1 > n ≥
0.5 and n > 1 (i.e., n near 1) the eigenvalues are numerially unstable (i.e., they do notonverge as N inreases). However there is a denite pattern to this instability, in thatthe eigenvalues behave in distint ways for odd and even N . For n > 1 (dilatant uids),we nd that as N inreases where N is odd, Runstable dereases and as N inreases where
N is even, Runstable inreases (see Table 4.8). As |n− 1| gets larger, these utuationsbeome more extreme. ∞ denotes that there were not any numerially stable Runstable.
n
N 1.50 1.25 1.01180 0.9523592− 0.0578441i −16.2554875 − 0.0522568i 0.2743835− 0.0012867i185 0.2735872 + 0.0051688i 0.2732879 + 0.0029289i 0.2758215− 0.0013105i210 0.9523572− 0.0578431i −13.8636668 − 0.0540308i 0.2745920− 0.0012890i215 0.2731702 + 0.0052420i 0.2731337 + 0.0029433i 0.2758180− 0.0013104i240 0.9523561− 0.0578426i −8.7351623 − 0.0498098i 0.2748073− 0.0012917i245 0.2728385 + 0.0052986i 0.2730138 + 0.0029543i 0.2758153− 0.0013104i
n
N 0.90 0.50 0.3 
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n
y 1.01 1.25 1.50
−6.2831E-03 −2.0718 −3.9694 −6.0214E+00
6.1230E-17 −2.8515 −2517.4983 −2.8190E+05
6.2831E-03 −2.0718 −3.9694 −6.0214E+00Table 4.10: Uyy evaluated near y = 0 for power-law ows with n = 1.01, n = 1.25 and n = 1.50.between 1 and 0.5 (i.e. 1 > n0 > 0.5)  as n approahes n0 from above (1 > n > n0 anddereasing) the numerial instability beomes more severe (see Table 4.9). As n dereasesbelow n0 the numerial instability beomes less severe. Curiously, the numerial instabilitydisappears for strongly non-Newtonian uids  the eigenvalues omputed for n < 0.5 arenumerially stable.It seems the numerial instability observed in dilatant ows an be explained. For n > 1,
Uyy is disontinuous at y = 0, i.e.
lim
y→0
Uyy = −∞,(see Figure 4.10), whih also possibly explains why as n inreases the results beome morenumerially unstable (the utuations in Runstable beome more extreme). The larger nthe smaller (larger negative) the values of Uyy near 0 as illustrated in Table 4.10. Howeverthis does not explain why the eigenvalues behave dierently for even and odd N . We reallthat when N is even, y = 0 is inluded as a olloation point and not so when N is odd(see Setion 4.1).For n < 1, as n dereases below n0 the ow proles inrease in smoothness (see Figure4.10). These results strongly suggest that the U in (3.10) needs to be suiently smoothfor the resulting eigenvalues to be numerially stable. Uyyy (0) does not exist for 1 > n ≥
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U = 1 − |y|1+1/n, n = 1.30
y































U = 1 − |y|1+1/n, n = 0.80
















U = 1 − |y|1+1/n, n = 0.80













U = 1 − |y|1+1/n, n = 0.50
y






























U = 1 − |y|1+1/n, n = 0.40
y













U = 1 − |y|1+1/n, n = 0.40
y
U
yyFigure 4.10: The smoothness of steady-state power-law veloity proles for various values of n.On the left we have the power-law ow prole, U (4.11) for n = 0.40, 0.50, 0.80, 1.30 and on theright their orresponding Uyy.
y = 0 is also responsible for the dierent behaviour of the eigenmodes for odd and even














0.33̇ 52744.67 1.11000Table 4.11: Critial Reynolds (Rrit) and wave- (αrit) numbers for power-law ow (4.11) aspredited by the OS equation.
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CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 91for losed hannel power-law ow (4.11) as n dereases, the ritial Reynolds number atwhih the transition from laminar to turbulent ow is observed inreases. Not only doesthis ritial Reynolds number, Rrit inrease, but also the ritial wavenumber, αrit. ForNewtonian ow, i.e. n = 1.00, Rrit = 5772.22 and αrit = 1.02056 whereas for n = 0.40,
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Jet shape profile
Top−hat shape profileFigure 4.12: The stability of these top-hat and jet shape sample proles were investigated byHifdi et. al. [Hifd℄.500 polynomials were used respetively. These power-law spetra approximations behavesimilarly to the plane Poiseuille spetra. Besides displaying a similar onguration, thesplit in the tail branh (see Figure 4.13b), is again overome by inreasing the numberof polynomials used (see Figure 4.13). The triangle of numerial instability, at theintersetion of the A, P and S branhes of the spetrum (i.e. left, right and tail branhesrespetively) is also present. Here inreasing the number of polynomials worsens thenumerial instability and we postulate that as with plane Poiseuille ow employing 128-bit arithmeti will remedy the problem and result in a spetrum like the one depitedin Figure 4.13a. As observed with both plane Couette and plane Poiseuille ows, as






























Closed Channel Power-law Flow: U = 1 - |y|^(1+1/n), where n = 0.40 
 R = 10000, alpha = 1, N = 250

















Closed Channel Power-law Flow: U = 1 - |y|^(1+1/n), where n = 0.40 
 R = 40000, alpha = 1, N = 200





















Closed Channel Power-law Flow: U = 1 - |y|^(1+1/n), where n = 0.40 
 R = 40000, alpha = 1, N = 300

















Closed Channel Power-law Flow: U = 1 - |y|^(1+1/n), where n = 0.40 
 R = 40000, alpha = 1, N = 500
(d) R = 40000, N = 500Figure 4.13: Approximate eigenvalue spetra for losed hannel power-law ow ((4.11), n =
0.4), omputed using the OS (3.10) equation. 250 polynomials were used to ompute (a) with
























 , (4.12)where η0 is the visosity at zero shear and τ1/2 is the shear stress at whih the visosityis η0/2. γ − 1 is the slope of the line obtained when log ((η0/η) − 1) is plotted against
log
∣∣∣τ/τ1/2
∣∣∣. Table 4.12 ontains values of these parameters for various uids. The Ellismodel, unlike the power-law model, exhibits the proper Newtonian behaviour in the limitsof zero and innite shear stress: when γ > 1, (4.12) approahes Newtonian behaviour atlow shear stresses and when γ < 1 it tends to Newtonian behaviour equation at high shearstresses. If we set γ = 1 in (4.12) then we obtain the onstant visosity Newtonian model.The power-law model an be obtained from the Ellis model using Govier and Aziz's [Govi℄formulation,
1
η
= χ0 + χ1 |τ |γ−1 , (4.13)
























 ,where β is now a free parameter as opposed to the shear stress orresponding to a par-tiular visosity reading. We will be using the parameter values as given for both theoriginal (4.12) and Myers's modied Ellis models.To solve the losed hannel hydrodynami stability problem for Ellis ow we require itssteady-state prole. The ow is driven by a onstant pressure gradient. We derive itslaminar prole by imposing no-slip at both the top and bottom hannel boundaries,
u (±1) = 0.4.4.2.1 Unidiretional ow approximation for Ellis owIn the analysis we avoid the omplexities introdued by modulus signs by only onsideringsituations where the ow proles have at most one turning point. The ow is governedby



















CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 96[Myer℄. When y < ym, we have uy > 0 and
2η0uy = −px








 .Integrating and applying u (−1) = 0












γ+1 − (ym − y)γ+1
γ + 1

 .When y > ym, we have uy < 0 and
2η0uy = −px








 .Integrating and applying u (1) = 0











(1 − ym)γ+1 − (y − ym)γ+1
γ + 1






































 ,and adding them







































γ+1 − (1 − ym)γ+1
γ + 1

 , (4.16)whih has the unique solution ym = 0. Combining equations (4.15) and (4.16), and sine







. (4.17)Given the uid ux we obtain the steady-state veloity prole
















































(b)Figure 4.14: Veloity proles predited by the Ellis (4.18), Newtonian and power-law ((4.11),
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 = 2.710, Q = 0.3559
u
y
 = 0.1353, Q = 0.0531














 = 0.1300, Q = 0.0127
u
y
 = 0.0025, Q = 0.0007
(b)Figure 4.15: Ellis visosity urves for (a) aluminum soap and (b) molten polystyrene.



































(b)Figure 4.16: Aluminum soap (a) and molten polystyrene (b) veloity proles (4.18) for various
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(b)Figure 4.17: (a) Model hydroxylethyellulose veloity proles (4.18) for various Q, along withthe Newtonian plane Poiseuille prole and their orresponding (b) Uyy.for model aluminum soap and model molten polystyrene, along with the orresponding
Q wherein whih the Newtonian rheology breaks down. The ritial shear rate would liein this range.Table 4.13 shows the Runstable for model aluminum soap, model molten polystyrene andmodel hydroxylethyellulose. Given α, Runstable is the least Reynolds number with anunstable eigenmode. We used α = 1 and N = 150, 200, 300, 400 and 500. In Figures4.17a and 4.17b, we have for Q = 0.05 and Q = 0.90, the Ellis veloity proles for modelhydroxylethyellulose and its seond derivatives respetively. They show along with Table4.13, that if U is not suiently smooth then the eigenvalues are not numerially stable(see model hydroxylethyellulose for Q = 0.90). We will be omitting model hydroxylethy-ellulose from further alulations.At low shear rates we nd as expeted for model aluminum soap and model moltenpolystyrene, that the ow beomes unstable at an R near the Newtonian Rrit ≡ 5772.22.










CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 101within the Newtonian range of the respetive uids (see Figures 4.15a and 4.15b ). Asthe uid ux inreases Rrit inreases and αrit dereases (see Table 4.14). Numeriallystable results are obtained for weakly non-Newtonian Ellis ows provided the steady-stateprole is suiently smooth. Uyyy is not ontinuous for weakly non-Newtonian power-law proles and the orresponding eigenvalues are numerially unstable. The Newtonianassumption is not appropriate for power-law proles for whih the OS eigenvalues arenumerially stable. The OS equation therefore does not provide a reliable analysis of thelinear hydrodynami stability of weakly non-Newtonian ows when using the power-lawmodel. These results seem to indiate that the Ellis is superior to the power-law modelin this regard. Model aluminum soap
N
Q 100 200 300 400 5000.0050 5814.83 5814.83 5814.83 5814.83 5814.830.0500 5827.98 5827.98 5827.98 5827.98 5827.980.1272 6612.48 6612.48 6612.48 6612.48 6612.48Model molten polystyrene
N
Q 100 200 300 400 5000.0005 5849.60 5849.60 5849.60 5849.60 5849.600.0026 7146.62 7146.62 7146.62 7146.62 7146.62Model hydroxylethyellulose
N
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Model aluminum soap Model molten polystyrene





















Closed Channel Ellis Flow  
 R = 30000, alpha = 1, N = 180

















Closed Channel Ellis Flow  
 R = 30000, alpha = 1, N = 200





















Closed Channel Ellis Flow  
 R = 30000, alpha = 1, N = 300

















Closed Channel Ellis Flow  
 R = 10000, alpha = 1, N = 200










CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 103ures 4.18a - 4.18d depit the approximate eigenvalue spetra for model molten polystyrene.They were omputed for N = 180, 200, 300 and 200 respetively and Q = 0.001. R =










CHAPTER 4. SOLUTIONS TO THE ORR-SOMMERFELD EQUATION 104numbers. Our analysis does not inlude the instabilities that arise from variations in thefree surfae whih may aount for the inonsistenies with the instabilibilties observedin pratise for this ow.We used the power-law and Ellis models to investigate the stability of weakly non-Newtonian losed ows. These results indiate that ow proles need to be suientlysmooth to yield numerially stable modes. Weakly non-Newtonian power-law ows arethose with n near 1, but it is for these n that the power-law proles are not suientlysmooth. The eigenmodes for n ≤ 0.5 were numerially stable. Although inferenes fromresults for these n are highly speulative, sine the assumptions of weakly non-Newtonianow no longer hold, they suggest along with the numerially unstable results near 1 thatpseudoplasti losed hannel ow is more stable than Newtonian losed hannel ow. As







































































































% ORRSOM% Author: Trefethen [Tref℄% Modified: Zareer van der FortN = 100; alpha = 1.02; R = 5773; I = eye(N-1);% 2nd- and 4th-order differentiation matries:[D,x℄ = heb(N); D2 = D^2;S = diag([0; 1 ./(1-x(2:N).^2); 0℄);D4 = (diag(1-x.^2)*D^4 - 8*diag(x)*D^3 - 12*D^2)*S;D2 = D2(2:N,2:N);D4 = D4(2:N,2:N);% Orr-Sommerfeld operators A,B and eigenvalues:A = (D4 - 2*(alpha^2)*D2 + (alpha^4)*I)/R - 2i*alpha*I ...- 1i*alpha*diag(1-x(2:N).^2)*(D2-(alpha^2)*I);B = D2-(alpha^2)*I;[ee℄ = eig(inv(B)*A); 114
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